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Multigrid Convergence of an Implicit Symmetric
Relaxation Scheme

Seokkwan Yoon* and Dochan Kwakf
NASA Ames Research Center, Moffett Field, California 94035

The multigrid method has been applied to an existing three-dimensional compressible Euler solver to
accelerate the convergence of the implicit symmetric relaxation scheme. This lower-upper symmetric Gauss-
Seidel implicit scheme is shown to be an effective multigrid driver in three dimensions. A grid refinement study
is performed including the effects of large cell aspect ratio meshes. Performance figures of the present multigrid
code on Cray computers including the new C90 are presented. A reduction of three orders of magnitude in the
residual for a three-dimensional transonic inviscid flow using 920 k grid points is obtained in less than 4 min on

a Cray C90.

I. Introduction

LTHOUGH unstructured grid methods have been used

successfully in solving the Euler equations for complex
geometries, structured grid solvers still remain useful for the
Navier-Stokes equations because of their natural advantages
in dealing with the highly clustered meshes in the viscous
boundary layers. Structured grid methods not only handle
reasonably complex geometries using multiple blocks but also
offer a hybrid grid scheme to alleviate difficulties which un-
structured grid methods have often encountered. Recent de-
velopments in structured grid solvers have been focused on
efficiency, as well as accuracy, since most existing three-di-
mensional Navier-Stokes codes are still not efficient enough to
be used routinely for aerodynamic design.

Multigrid methods have been useful for accelerating the
convergence of iterative schemes. Efficient Euler codes have
been developed by Jameson! using a full approximation stor-
age method of Brandt® in conjunction with the explicit Runge-
Kutta scheme. The explicit multigrid method has demon-
strated impressive convergence rates by taking large time steps
and propagating waves fast on coarse meshes. The explicit
multigrid method has been extended to the Navier-Stokes

. equations by Martinelli.? Several explicit multigrid codes for
the three-dimensional Navier-Stokes equations have been de-
veloped successfully by Vatsa and Wedan,* Radespiel et al.,’
and Turkel et al.®

Tt does not seem to be profitable to consider an unfactored
implicit scheme for a multigrid driver since the implicit scheme
can take large time steps which are limited by the physics rather
than the grid. However, the multigrid method can improve the
convergence rates of factored implicit schemes in two dimen-
sions as demonstrated by Yoon’ and in Refs. 8-10. The im-
plicit multigrid method has been implemented by Caughey!? to
the diagonalized alternating direction scheme,!! and by Ander-
son et al.!3 to the three-dimensional alternating direction
scheme. Yoon’ has introduced an implicit algorithm based on
a lower-upper (LU) factorization and symmetric Gauss-Seidel
(SGS) relaxation. The scheme has been used successfully in
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computing chemically reacting flows due in part to the al-
gorithm’s property which reduces the size of the left-hand side
matrix for nonequilibrium flows with finite rate chemis-
try.14-16 A recent study!’ shows that the three-dimensional
extension of the method using a single grid requires less com-
putational time than most existing codes on a Cray YMP
computer. One of the objectives of the present work is to
accelerate the convergence of the lower-upper symmetric
Gauss-Seidel relaxation scheme in three dimensions by intro-
ducing a multigrid technique. The performance of the code is
demonstrated for an inviscid transonic flow past an ONERA
M6 wing on highly clustered grids.

II. Governing Equations
Let ¢ be time; O the vector of conserved variables; E, F, and
G the convective flux vectors; and E,, F,, and &, the flux
vectors for the viscous terms. Then the three-dimensional
Navier-Stokes equations in generalized curvilinear coordinates
(¢, 1, {) can be written as
30+ (E-E)+3,F-F)+3(G-G,)=0 6))
where the flux vectors are defined in Ref. 17. The Euler
equations are obtained by neglecting the viscous terms.

ITI. Lower-Upper Symmetric Gauss-Seidel

Implicit Scheme

An unfactored implicit scheme can be obtained from a
nonlinear implicit scheme by linearizing the flux vectors about
the previous time step and dropping terms of the second and
higher order.

[ + aAt(D:A + DB + D,O)ISQ = — ALR 2

where the residual R is
R=D.E+D,F+D,G ©)]
and I is the identity matrix. The correction Qn+1 Q’;is BQ,‘

where n denotes the time level. D;, D,, and D; are difference
operators that approximate d;, d,, and d;, respectively. A, B,
and C are the Jacobjan matrices of the convective flux vectors.
For o = V2, the scheme is second-order accurate in time. For
other values of «, the time accuracy drops to first order.

An efficient implicit scheme can be derived by combining
the advantages of LU factorization and Gauss-Seidel relaxation.

LD-'UsQ = — AtR @
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Here,
L=I+oAt(Dy A*+D; B*+D;C*-A--B~-C)

D=I+aAt(A" —A- +B* —B~ + T+ - &) 5)
U=T+aAt(DFA~-+D;B-+DfC-+A++B*+C*)

where D;, D, , and D¢ are backward difference operators,
while D7, D.*, and D7 are forward difference operators.

In the framework of the LU-SGS algorithm, a variety of
schemes can be developed by different choices of numerical
dissipation models and Jacobian matrices of the flux vectors.
Jacobian matrices leading to diagonal dominance are con-
structed so that + matrices have non-negative eigenvalues

whereas — matrices have nonpositive eigenvalues. For example,

A* =T AFT!

B* =T AT ! ©)
C* =TAr T

where typically 7; and 7, are similarity transformation ma-
trices of the eigenvectors of A. Another possibility is to con-
struct the Jacobian matrices of the flux vectors approximately
which yield diagonal dominance.

nlA ‘:!: A

A==
B* = v:[B + 3(B)1) @)
&= = BIC O

where
5(4) = x maxIAG) ] @®

Here \(A) represents eigenvalues of the Jacobian matrix A4,
and « is a constant that is greater than or equal to 1. A typical
value of « is 1. However, stability and convergence can be
~ controlled by adjusting « as the flowfield develops.

IV. Vectorization

The algorithm is completely vectorizable on i+j+k=
const diagonal planes of sweep. This is achieved by reordering
the arrays.

Q(ipoint, iplane) = OG, j, k) &)
where iplane is the serial number of the diagonal plane, and

ipoint is the address on that plane. The number of diagonal
planes is given by

nplane = imax + jmax + kmax — 5 (10)
with the maximum vector length of
npoint = (jmax — 1)*(kmax — 1) (11)

V. Numerical Dissipation

The cell-centered finite-volume method is augmented by a
numerical dissipation model based on blended first- and third-
order terms.!®-2! The finite volume method is based on the
local flux balance of each mesh cell. For example,

35E+3,,F+8(G=Ei+l/z,j,k—E,-_n/z,j,k

+F jine —Fij-v et Gijeen—Giji-n (12)

Here, the conserved variables are averaged at the cell faces to
evaluate the fluxes. The dissipative flux d is added to the
convective flux in a conservative manner.

(Ei+ Vi, k _Ei—‘/z,j,k +Fi,j+ Vi, k '"Fi,j—l/z,k
+ Gi,j,k+‘/z - Gi,j,k~‘/z) ~(div e —dion ik
+ ik —dij vk v dijxrn—Gijk-n) (13)
For simplicity, d;, v, ;, « is denoted by d; , ,, hereafter.
divy = 6523 %(Qiﬂ - Qi)
— & (0i+2-30i 1 +30: - 0y (14

The coefficients of the dissipative terms are the directionally
scaled spectral radii of the Jacobian matrices. The use of
directional scaling provides anisotropic dissipation to each
direction, resulting in improved performance on meshes with
high aspect ratio cells. Third-order terms formed from fourth
differences provide the background damping. First-order
terms are added by second differences near shock waves under
the control of a sensor ».

iy = max(¥i+ 1, ¥i) s)
where

v; = max(»?, »7) (16)
v =10piy1—20i + i 1/ (Pic 1 + 20+ il ) an
=T = 2T+ Tio /(T + 2T + T; ) (18)

Here p and T are the pressure and the temperature. The
low-order dissipative coefficient is proportional to the sensor
v as

2 ~ -
€2 = kPr(A)s ¥4 (19)

where r(4) denotes the spectral radius of the Jacobian matrix
A. The high-order dissipative coefficient is controlled by the
sensor,
é? . = max[0,k¥r(A);, 5 — €2 ] (20)

Here «® and «™® are constants which are different from other
x in Eq. (8).

Dissipative terms for the coarse grids in the multigrid levels
are formed from second differences with constant coefficients.

Since the constant total enthalpy is not preserved in general
except for the Euler equations, the dissipation for the energy
equation is based on the total energy rather than the total
enthalpy. To reduce the amount of dissipation in the direction
normal to the body surface inside boundary layers, Swanson
and Turkel® provided additional scaling by multiplying a
spectral radius in the normal direction by a function of the
local Mach number. Although the Mach number scaling tech-
nique may improve the accuracy of the Navier-Stokes solu-
tions, it has not been used for the Euler solutions. It has been
shown that the convergence rate on high cell aspect ratio
meshes can be enhanced by multiplying Martinelli’s® scaling
factor based on local cell aspect ratio to the dissipative coeffi-
cients. However, this technique has not been used here be-
cause the aspect ratio based scaling factor seems to compro-
‘mise the accuracy of the solution.?”

VI. Multigrid Method

In the present multigrid method, part of the task of tracking
the evolution of the solution is transferred through a sequence
of successively coarser meshes. The use of larger control vol-
umes on the coarser meshes tracks the large-scale evolution,
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with the consequence that global equilibrium can be more
rapidly attained. This evolution on the coarse grid is driven by
the solution of the fine grid equations. The solution vector on
a coarse grid is initialized as

0 = ¥.8,0/San 1)

where the subscripts denote values of the mesh spacing param-
eter &, S is the cell volume, and the sum is over the eight cells
of the fine grid which compose each cell of the coarse grid.
After updating the fine grid solution, the values of the con-
served variables are transferred to the coarse grid using Eq.
(21). The pressure is calculated on the coarse grid using the
transferred variables. Then a forcing function is defined as

Py, = LRy (Oh) — Run(05) (22)
The residual on the coarse grid is given by
R3 = Ron(Qa) + Py (23)

For the next coarser grid, the residual is calculated as

Ry = Ry (Qun) + Py (24)
where
Py, = LRy, — Rup(Q) (25)
2
10 3
8
8 g
a4
S
] U O SO RO SUUURUUNUUURUUPUURNEE SUUUURY SUUTURTRRURIIN
2 10 1
Z ;
>
@)
0 : ; :
10 60 80 100 120 140

Streamwise Grid Index i

Fig. 1 Distribution of cell aspect ratios (CAR) for the low CAR grid
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Fig. 2 Convergence histories on the low: CAR grid.
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Fig. 4 Convergence histories for the Euler and Navier-Stokes equa-
tions.

The process is repeated on successively coarser grids. Multiple
iterations can be done on each coarse grid. Finally, the correc-
tion calculated on each grid is interpolated back to the next
finer grid. Let O, be the final value of Qs resulting from both
the correction calculated on grid 2/ and the correction trans-
ferred from the grid 4h. Then

On = Qn + 134D ~ O) (26)

where Qy is the solution on grid # before the transfer to the
grid 2A, and 7 is a trilinear interpolation operator. Since the
evolution on a coarse grid is driven by residuals collected from
the next finer grid, the final solution on the fine grid is
independent of the choice of boundary conditions on the
coarse grids.

VII. Results

To investigate the effectiveness of the full approximation
storage multigrid method in conjunction with the lower-upper
symmetric Gauss-Seidel relaxation scheme, transonic flow cal-
culations have been carried out for an ONERA Mé6 wing. The
freestream conditions are at a Mach number of 0.8395, and a
3.06-deg angle of attack. Since this is an unseparated flow
case, only the solution of the three-dimensional Euler equa-
tions is considered.
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All of the calculations are performed without the aid of a
couple of conventional techniques which have been crucial to
ensure the robustness of the multigrid method. The aspect
ratio based scaling factor for the numerical dissipation is not
employed because of the reason stated in Sec. V. The enthalpy
damping technique, which is not valid for the Navier-Stokes
equations, is not used here.

The treatment of the far-field boundary condition is based
on the Riemann invariants for a one-dimensional flow normal
to the boundary. o )

To study the effects of mesh cell aspect ratios on the conver-
gence rates, a low cell aspect ratio 129 x 33 x 33 C-H grid
(140,481 points) is used first. Figure 1 shows the distribution
of geometric cell aspect ratios of the first normal mesh cells at
the body from the leading edge to the downstream boundary.
Although geometric aspect ratios are less accurate than spec-
tral radius based aspect ratios, they seem to be useful. The cell
aspect ratios are of the order of 1 at the wing surface. Figure
2 shows convergence histories of the root-mean-squared resid-
uals which correspond to the density corrections. The residu-
als are normalized by their initial values. The chained line
indicates the single grid convergence history. The dashed line
indicates the multigrid convergence history using a four-level
V cycle with one iteration on each coarse grid. The solid line
indicates the multigrid convergence history using a four-level
V cycle with two iterations on each coarse grid. Clearly, the
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— Coa‘s'ccrid ...........
- =-- Medium Grid
—— Fine Grid
E T S SO OPULE- SUT P USUPRPIUR
=
=l
‘B
O
o SRS SOOUOSOR S SSURTPTONS AOTRTRROUO P SOOI
-5 : : H
10 T T
0 500 1000 1500 2000
Tterations
Fig. 7 Multigrid convergence histories on the high CAR grids.
0
10

Chord Length x

— 20 E-06
----20E-05

Residual

10 500 1000 1500 2000

Iterations

Fig. 8 Effect of the first grid distance on the multigrid convergence.

two iteration strategy converges faster than the single iteration
cycle. Although not shown here, the three-iteration cycle does
not improve the performance due to a slight increase in work
per cycle. Hence, all of the following multigrid calculations
have been performed using the V cycle with two coarse grid -
iterations. Four orders of residual drop requires 1022 and 156
iterations for single and multigrid, respectively. The conver-
gence has been accelerated by a factor of 6.5 by the use of the
multigrid method on this low_cell aspect ratio grid.

A high cell aspect ratio 289 x 65 x 49 C-H grid (920,465
points) gives a severe test to the code. Here 65 grid points are
used in the normal direction. The distance of the first normal
grid point from the wing surface is 2.0 X 10~° times the chord
length. Figure 3 shows that the cell aspect ratios on the wing
reach as high as 10,000. This grid will be known as the fine
grid. Two more grids are prepared for a grid refinement study.
A 145 % 33 x 25 medium grid (119,625 points) is generated by
eliminating every other grid point from the fine grid. A
73 x 17 x 13 coarse grid (16,133 points) is generated from the
medium grid using the same process. Figure 4 shows single
grid convergence histories of both the Euler and the Navier-
Stokes equations on the medium grid. For the present attached
flow case, there is not much difference between the two. This
suggests that the convergence rate is controlled not by the
equations but by the grid.

Figure 5 shows good pressure coefficient agreement between
experimental data®® and the multigrid computations on the
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Table 1 Performance on Cray computers (single processor)

Computer Grid CPU2 Mflops Note
YMP Single 7.4 170 Euler
YMP Multiple 11.1 160 Euler
C90 Single 3.1 410 Euler
C90 Multiple 4.7 390 Euler

*CPU ps per grid point per iteration.

---- I Level
—— 4 Level V2

Residual

10 60 120 180 240
CPU min (Cray YMP)

Fig. 10 Convergence histories‘ on the fine grid (CPiJ time on a Cray
YMP).

fine grid at the 44% semispan station. Single grid convergence
histories are compared in Fig. 6 and show that the convergence
rate slows down significantly as the number of grid points
increases. Figure 7 shows that multigrid convergence histories
of the three grids are almost identical. Here, the coarse,
medium, and fine grids use two-, three-, and four-level V
cycles, respectively. The results demonstrate grid independent
convergence rates which are achieved by the multigrid method.

To study the effect of grid stretching on the convergence,
another fine grid whose first grid distance is 2.0 X 107° is
generated. Figure 8 shows that the present numerical method
is insensitive to grid clustering despite the fact that cell aspect
ratios differ by an order of magnitude. The convergence rate
on the highly stretched grid appears to be slightly better than
the less stretched one for this case. Although not shown here,
the rate of convergence slows down significantly after the
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Fig. 11 Convergence histories on the fine grid (CPU time on a Cray
C90).

residual drops about five orders of magnitude on the highly
stretched grid.

Figure 9 shows that the convergence on the multigrid is
about 6.5 times faster than on the single grid in terms of
iterations. However, a multigrid cycle requires more time per
iteration than a single grid cycle not only because of additional
operations for transfer and interpolation but because of the
short vector lengths on the coarse grids. As presented in Table
1, the overhead for the multigrid cycle is approximately 50%.
Nevertheless, the present CENS3D code requires less than 5 us
per grid point per iteration on a Cray C90 computer. With the
single grid mode, the code needs only 3 us at the sustained rate

~of 410 Mflops. The CPU times on a Cray YMP and a Cray
C90 are compared in Figs. 10 and 11, respectively. The CPU
time is reduced by a factor of four by the use of the multigrid
method. Figure 11 shows that the residuals for the multigrid
drop three orders of magnitude in 50 iterations or 4 CPU min
and four orders in 160 iterations or 13 CPU min on a Cray
C90.

Conclusions

An efficient three-dimensional multigrid code has been de-
veloped for inviscid compressible flows. The lower-upper sym-
metric Gauss-Seidel implicit scheme is shown to be an effective
multigrid driver in three dimensions. The present numerical
method appears to be insensitive to grid refinement or to
highly clustered grids with high mesh cell aspect ratios. Grid
independent convergence rates are achieved by the multigrid
method. A reduction of three orders of magnitude in the
residual for a three-dimensional transonic inviscid flow using
920 k grid points is obtained in less than 4 min on a Cray C90.
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